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E-mail address: gaoyangg@gmail.comFor two-dimensional quasicrystal semi-inﬁnite strips with mixed edge-data, the Betti–Rayleigh recipro-
cal theorem and the general solution of plane elasticity of quasicrystals are applied in a novel way to
obtain the appropriate edge conditions accurate to all order. By introducing two deﬁnitions for the decay-
ing and regular states, the necessary conditions deduced form the reciprocal theorem, for the edge-data
to induce only a decaying elastostatic are directly translated into the appropriate edge conditions for the
existence of a rapidly decaying solution of the strips. Once a suitable regular state, which fulﬁlls load-free
boundary conditions, is constructed for the relevant edge-data, the translation is immediate. However,
this is not the situation for general edge-data. For the case of transverse bending and in-plane extension
of the strips, these decaying state conditions are obtained explicitly for the ﬁrst time when the mixed
edge-data are imposed on the strip edge. Besides, for a degenerated form, an analytical solution of the
decaying state is formulated to verify validity of these edge conditions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Quasicrystals (QCs) (solids with a long-range orientational or-
der and a long-range quasiperiodic translational order (Levine
and Steinhardt, 1984)) as a new structure of solid matter were dis-
covered around 1984 (Shechtman et al., 1984). The discovery has
brought a signiﬁcant breakthrough for condensed matter physics
in recent years. The electronic structure and the optic, magnetic,
thermal and mechanical properties of the material have been
extensively investigated in experimental and theoretical analyses
(Socolar et al., 1986; Ronchetti, 1987; Ovid’ko, 1992; Wollgarten
et al., 1993), which show their complex structure and unusual
properties. Elasticity is one of the interesting properties of QCs.
Within the framework of the Landau–Lifshitz phenomenological
theory, the elastic energies of QCs were formulated (Bak, 1985; Le-
vine and Steinhardt, 1986). In particular, the ﬁeld of linear elastic-
ity theory of QCs has been investigated for many years (Ding et al.,
1993; Yang et al., 1993; Hu et al., 1996; Wang et al., 1997). It pro-
vides us with a fundamental theory based on the notion of a con-
tinuum model to describe the elastic behavior of QCs. For a
comprehensive review in this ﬁeld, the readers are referred to
the works by Hu et al. (2000) and Fan and Mai (2004).
Under external loads, the exact solution of linear elastostatic
problems for slender and thin bodies consists of an interior compo-
nent signiﬁcant throughout the bodies and an outer (boundaryll rights reserved.layer) component in a decaying form. Near a lateral edge, the inte-
rior component is supplemented by boundary layer component
which becomes insigniﬁcant away from the edge. The prescribed
admissible boundary conditions can be satisﬁed only by a combi-
nation of these two components. However, the boundary layer
solution, even just a leading term approximation, needed to ﬁt
the edge-data is rather intractable except for cases with simple
geometries and load symmetries. This and the fact that the solu-
tion behavior near the edges is often not needed from practical
viewpoint have driven people to take efforts over the years to for-
mulate the interior solution, by assigning an appropriate portion of
the prescribed edge-data to it, without any reference to the bound-
ary layer solution. Gregory and Wan (1984, 1985, 1988) and Wan
(2003) developed a novel method determining the interior solution
successfully and effectively, and provided the results for several
plate problems. Through generalizing the method, a set of neces-
sary conditions on the edge-data for the existence of a rapidly
decaying solution is established, and various extensions have been
found among one-dimensional (1D) hexagonal QC plates (Gao
et al., 2007a) and two-dimensional (2D) dodecagonal QC plates
(Gao et al., 2007b).
Slender and thin bodies are one of the most well known struc-
tures of vital signiﬁcance in the structural design and therefore re-
ceived extensive study from scientiﬁc workers. To set up the
general framework of the QC strip theories, the appropriate stress
and mixed edge conditions accurate to all order for the strips of
general edge geometry and loadings should be formulated explic-
itly. These provide important information for studying the defor-
1850 Y. Gao / International Journal of Solids and Structures 46 (2009) 1849–1855mation and mechanical/physical behavior of the new solid phase
and understanding clearly the interplay of the interaction between
the phonon and phason activity. They also play an important role
in numerical simulations such as the ﬁnite element method and
the boundary element method.
It should be emphasized that the previous studies were under-
taken within the scope of elastic or QC plates. Otherwise, to the
author’s knowledge, relevant edge conditions for 2D QC semi-inﬁ-
nite strips are still very rare in the literature. Due to its importance,
a parallel development of edge conditions for 2D QC semi-inﬁnite
strips should be useful as well. In the following sections, we obtain
a set of necessary conditions on the edge-data for the existence of a
rapidly decaying solution. By generalizing the model and method
for plates (Gao et al., 2007a,b) to semi-inﬁnite strips and by invok-
ing the general solution of 2D QCs, these necessary conditions are
then translated into the desired set of edge conditions for trans-
verse bending and in-plane extension.
2. Basic equations and the general solution
For a 2D QCs referred to a Cartesian coordinate system (x, y, z),
let x–y plane be the quasi-periodic plane and z be the periodic
direction. Consider a homogeneous linear QC semi-inﬁnite strip
that occupies the region: xP 0, 1/2 6 y 6 1/2, h 6 z 6 h, where
2h is the height of the body. The strip is in an equilibrium state of
plane strain under no external load in the interior and no tractions
on the top and bottom surfaces.
2D decagonal and octagonal QCs are divided into four Laue clas-
ses, but only Laue classes 14 and 16 possess three orthogonal sym-
metry planes. The point groups 10mm, 1022, 10 m2 and 10=mmm
belong to Laue class 14, and the point groups 8mm, 822,
8 m2 and 8=mmm belong to Laue class 16. Following Hu et al.
(1996), it is clear that there is a similarity between the general
equations of the two Laue classes. In the absence of body forces,
the general equations governing the plane strain state of the two
Laue classes can be written as:
eab ¼ 12 ð@bua þ @aubÞ; wxb ¼ @bwx; ð1Þ
@brab ¼ 0; @bHxb ¼ 0; ð2Þ
rxx ¼ C11exx þ C13ezz þ Rwxx;
rzz ¼ C13exx þ C33ezz;
rzx ¼ rxz ¼ 2C44ezx;
Hxx ¼ Rexx þ K1wxx;
Hxz ¼ K4wxz;
ð3Þ
where a, b = x, z, ua and wx denote phonon and phason displace-
ments in the physical and perpendicular spaces, respectively, rab
and eab phonon stresses and strains, respectively, Hxb and wxb pha-
son stresses and strains, respectively, C11, C13, C33, C44, K1 and K4
elastic constants in the phonon and phason ﬁelds, respectively, R
phonon–phason coupling elastic constant.
According to the general solution of plane elasticity of 2D QCs
(Gao et al., 2008a), the components of displacements take the
form:
ux ¼ dIi@xwi; uz ¼ mi@zwi; wx ¼ li@xwi; ð4Þ
where i = 1, 2, 3, dij is the Kronecker delta symbol, and the following
summation convention has been used throughout this paper: the
Einstein summation over repeated lower case indices from 1 to 3
is applied, while upper case indices take on the same numbers as
the corresponding lower case ones but are not summed. Besides,
the potential functions wi satisfy the equations
r2I wi ¼ @2xwi þ
1
s2I
@2zwi ¼ 0: ð5ÞThe values of mi, li and s2i are related by the following expressions:
C33mi
C13 þ C44ð1þmiÞ ¼
C13mi þ C44ð1þmiÞ






where s2i are three characteristic roots (or eigenvalues) of the fol-
lowing cubic algebra equation of s2
as6  bs4 þ cs2  d ¼ 0: ð7Þ
The constants in the preceding equations are
a ¼ C33C44K4;
b ¼ C33C44K1 þ ðC11C33  2C13C44  C213ÞK4;
c ¼ C11C44K4 þ ðC11C33  2C13C44  C213ÞK1  C33R2;
d ¼ C11C44K1  C44R2:
ð8Þ
For the sake of brevity and conciseness, the appropriate edge con-
ditions for semi-inﬁnite strips will be given only to the case of dis-
tinct eigenvalues s2i in the following context. When equal
eigenvalues appear, the edge conditions for these cases can be ob-
tained by using a similar analysis technique, although the general
solution will take a more complicated form for these cases (Gao
et al., 2008a,b).3. Necessary conditions for a decaying state
For a semi-inﬁnite strip, all surfaces of the body will be traction
free except for the surface x = 0, where a prescribed self-equili-
brated traction is applied. For this type of loading, it is assumed
that the stresses decay to zero as x?1. The top and bottom faces
of the strips are taken to be traction free, so that
rxz ¼ rzz ¼ 0; Hxz ¼ 0ðz ¼ hÞ: ð9Þ
The presence of any body or surface loads may be removed by a par-
ticular solution. Then the only forcing terms in the problem are pre-
scribed on the end x = 0 in terms of stress or displacement edge-
data in the form of one of the following eight admissible
combinations,
Case A:
rxxð0; zÞ ¼ rxxðzÞ; rxzð0; zÞ ¼ rxzðzÞ; Hxxð0; zÞ ¼ HxxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð10Þ
Case B:
uxð0; zÞ ¼ uxðzÞ; rxzð0; zÞ ¼ rxzðzÞ; wxð0; zÞ ¼ wxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð11Þ
Case C:
rxxð0; zÞ ¼ rxxðzÞ; uzð0; zÞ ¼ uzðzÞ; Hxxð0; zÞ ¼ HxxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð12Þ
Case D:
uxð0; zÞ ¼ uxðzÞ; uzð0; zÞ ¼ uzðzÞ; wxð0; zÞ ¼ wxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð13Þ
Case E:
rxxð0; zÞ ¼ rxxðzÞ; rxzð0; zÞ ¼ rxzðzÞ; wxð0; zÞ ¼ wxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð14Þ
Case F:
uxð0; zÞ ¼ uxðzÞ; rxzð0; zÞ ¼ rxzðzÞ; Hxxð0; zÞ ¼ HxxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð15Þ
Y. Gao / International Journal of Solids and Structures 46 (2009) 1849–1855 1851Case G:
rxxð0; zÞ ¼ rxxðzÞ; uzð0; zÞ ¼ uzðzÞ; wxð0; zÞ ¼ wxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ; ð16Þ
Case H:
uxð0; zÞ ¼ uxðzÞ; uzð0; zÞ ¼ uzðzÞ; Hxxð0; zÞ ¼ HxxðzÞ;
Hxzð0; zÞ ¼ HxzðzÞ: ð17Þ
In generalization of analogous statements for QC plates (Gao et al.,
2007a,b), two classes of exact states are investigated for the equa-
tions of plane strain governing semi-inﬁnite strips with free faces.
One of these is designated as the interior state signiﬁcant through-
out the strips. The other complementary class corresponds to a
boundary layer solution and is designated as the decaying state.
An elastostatic state in the strips is said to be a regular state
fua;rab;wx;Hxbg ¼ OðM1hkÞ as h! 0; ð18Þ
or a decaying state
fua;rab;wx;Hxbg ¼ OðM2ecd=hÞ as h! 0; ð19Þ
where M1 and M2 are the maximum modulus for the regular state
and decaying state, respectively, d is the minimum distance of the
observation point from the edge of the strips, and M1, M2, k and c
are positive constants.
Supposing that the edge-data do give rise to the decaying state
in the strips, we now apply the Betti–Rayleigh reciprocal theorem
for QC media, which takes the form
tSðrð1Þab uð2Þb þ Hð1Þxawð2Þx  rð2Þab uð1Þb  Hð2Þxa wð1Þx ÞnadS ¼ 0; ð20Þ
where S is the surface of the strips which consists of two end planes
and a lateral surface, na is the direction cosine of the outward nor-
mal to S. With the foregoing two deﬁnitions of elastostatic states in
mind, now we take the state with a superscript ‘‘(1)” to be the exact
solution of the strips, and the decaying state induced by the pre-
scribed edge-data rxx, rxz, Hxx, ux, uz and wx. For the auxiliary state,
denoted by superscript ‘‘(2)”, we take any regular state which ful-
ﬁlls load-free conditions on S. Similar to the derivation of necessary
conditions for a decaying state in QC plates (Gao et al., 2007a,b),
generalizing Gregory and Wan’s decay analysis technique to the
QC strips, we ﬁnally obtain the necessary conditions for a decaying
state on the end x = 0,
Case A:Z h
h
rxxuð2Þx þ rxzuð2Þz þ Hxxwð2Þx
 
dz ¼ 0; ð21Þ
Case B:Z h
h
uxrð2Þxx  rxzuð2Þz þ wxHð2Þxx
 
dz ¼ 0; ð22Þ
Case C:Z h
h
rxxuð2Þx  uzrð2Þxz þ Hxxwð2Þx
 
dz ¼ 0; ð23Þ
Case D:Z h
h
uxrð2Þxx þ uzrð2Þxz þ wxHð2Þxx
 
dz ¼ 0; ð24Þ
Case E:Z h
h
rxxuð2Þx þ rxzuð2Þz  wxHð2Þxx
 
dz ¼ 0; ð25ÞCase F:Z h
h
uxrð2Þxx  rxzuð2Þz  Hxxwð2Þx
 
dz ¼ 0; ð26Þ
Case G:Z h
h
rxxuð2Þx  uzrð2Þxz  wxHð2Þxx
 
dz ¼ 0; ð27Þ
Case H:Z h
h
uxrð2Þxx þ uzrð2Þxz  Hxxwð2Þx
 
dz ¼ 0: ð28Þ
Based on the loadings subjected on the top and bottom surfaces of
the strips, the general deformation of the strips can be decomposed
into two independent parts: the asymmetric part (transverse bend-
ing) and the symmetric part (in-plane extension). In the following
two sections, these necessary conditions for the edge-data to induce
only a decaying elastostatic state will be translated separately into
the appropriate edge conditions for the two deformation forms.
4. The appropriate edge conditions for transverse bending
4.1. The auxiliary regular states
The main difﬁculty in performing the preceding process lies in
obtaining suitable regular states which satisfy the appropriate
boundary conditions. Once a suitable regular state is constructed
for the relevant edge-data, the translation is immediate. However,
this is not the situation for general edge-data. Now our main task
lies in obtaining accurate solutions for these regular states.
We can take a rigid body translation in the z-direction as the
state 1, i.e.
uð2Þx ¼ 0; uð2Þz ¼ C; wð2Þx ¼ 0; rð2Þab ¼ Hð2Þxb ¼ 0; ð29Þ
where C is a constant.
The state 2 may be taken as a rigid body rotation,
uð2Þx ¼ Cz; uð2Þz ¼ Cx; wð2Þx ¼ 0; rð2Þab ¼ Hð2Þxb ¼ 0: ð30Þ
Now, we look for the state 3 with the use of the general solution (4).
The potential functions wi are taken as
wi ¼ Aixz; ð31Þ
where Ai are unknown constants to be determined later. After tak-
ing account of the expressions (6), the displacements and stresses
obtained from Eqs. (3), (4) and (31) can be shown to be
uð2Þx ¼ dIiAiz; uð2Þz ¼ miAix; wð2Þx ¼ liAiz;
rð2Þxx ¼ rð2Þzz ¼ Hð2Þxx ¼ 0; rð2Þxz ¼ rð2Þzx ¼ aiAi; Hð2Þxz ¼ biAi;
ð32Þ
where
ai ¼ C44 þ C44mi; bi ¼ K4li: ð33Þ
To obtain the state 4, according to the characteristics of transverse
bending, by using Eq. (5) we assume
wi ¼ Biðs2I z3  3x2zÞ; ð34Þ
where Bi are unknown constants to be determined later. In virtue of
the expressions (6), the displacements and stresses in Eqs. (3), (4)
and (34) can be written as
uð2Þx ¼ 6dIiBixz; uð2Þz ¼ 3miBiðs2I z2  x2Þ; wð2Þx ¼ 6liBixz;
rð2Þxx ¼ 6ais2I Biz; rð2Þzz ¼ 6aiBiz; rð2Þxz ¼ rð2Þzx ¼ 6aiBix;
Hð2Þxx ¼ 6bis2I Biz; Hð2Þxz ¼ 6biBix;
ð35Þ
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form
wi ¼ Ciðs2I xz3  x3zÞ þ Dixz; ð36Þ
where Ci and Di are unknown constants yet to be determined. In
terms of the expressions (6), the displacements and stresses in
Eqs. (3), (4) and (36) have the following form as
uð2Þx ¼ s2i Ciz3  3dIiCix2zþ dIiDiz;
uð2Þz ¼ mi½Cið3s2I xz2  x3Þ þ Dix;
wð2Þx ¼ lis2I Ciz3  3liCix2zþ liDiz;
rð2Þxx ¼ 6ais2I Cixz; rð2Þzz ¼ 6aiCixz;
rð2Þxz ¼ rð2Þzx ¼ 3aiCiðs2I z2  x2Þ þ aiDi;
Hð2Þxx ¼ 6bis2I Cixz;
Hð2Þxz ¼ 3biCiðs2I z2  x2Þ þ biDi:
ð37Þ4.2. The appropriate edge conditions with mixed edge-data
For the case of transverse bending, the appropriate edge condi-
tions can be explicitly determined as follows, at least for the edge-
data in Cases A–C and E–G.
4.2.1. Case A
As the procedure in the preceding section indicates, any candi-
date for regular states must meet load-free conditions (9) and the
requirements stipulated below
rxz ¼ 0; rxx ¼ 0; Hxx ¼ 0ðx ¼ 0Þ: ð38Þ
Obviously, the state 1 satisﬁes the conditions (9) and (38), so the
corresponding necessary condition are obtained from Eq. (21)Z h
h
rxzdz ¼ 0: ð39Þ
The second auxiliary regular state may be takes as the state 2, then
the corresponding necessary condition is
Z h
h
rxxzdz ¼ 0: ð40Þ
Selecting one state from the state 3 or 5 as the third auxiliary reg-
ular state, we obtain the third necessary condition for a decaying
state when Hxx is prescribedZ h
h
Hxxzdz ¼ 0: ð41Þ
The necessary conditions (39)–(41) are conventional forms of strip
theories, although they are formulated explicitly by an application
of the reciprocal theorem and the general solution of 2D QCs.
4.2.2. Case B
Regular states must meet the conditions (9) and the
requirements
rxz ¼ 0; ux ¼ 0; wx ¼ 0ðx ¼ 0Þ: ð42Þ
As in Case A, selecting a rigid body translations in the state 1 as the
ﬁrst auxiliary regular state, we certainly must have the correspond-
ing necessary conditions (39).
We take the state 4 as the second auxiliary regular state. On
substituting Eq. (35) into Eqs. (9) and (42), we can determine the







; ki ¼ eijkajbk; ð43Þwhere eijk is Levi-Civita permutation symbol with indices varying
from 1 to 3. Inserting this auxiliary regular state (35) into Eq.
(22), after taking account of the relationship (43), we obtain the sec-













dz ¼ 0: ð44Þ4.2.3. Case C
Consider the conditions on the end x = 0,
rxx ¼ 0; uz ¼ 0; Hxx ¼ 0ðx ¼ 0Þ: ð45Þ
In this case, the states 2 and 3 are chosen as the auxiliary regular
states, then the ﬁrst two necessary conditions are the conditions
(40) and (41).
The third auxiliary regular state may be taken as the state 5.
Substituting Eq. (37) into Eqs. (9) and (45), we have the relation-







; aiDi ¼ 3ais2I Cih2; biDi ¼ 3bis2I Cih2: ð46Þ
On substituting Eq. (37) into Eq. (23), by using Eqs. (40), (41) and
(46) we obtain,Z h
h










dz ¼ 0: ð47Þ4.2.4. Case E
Regular states must meet the requirements on x = 0,
rxz ¼ 0; rxx ¼ 0; wx ¼ 0ðx ¼ 0Þ: ð48Þ
If the states 1 and 2 are chosen as the auxiliary regular states, then
the necessary conditions have the form as the conditions (39) and
(40), respectively.
4.2.5. Case F
The conditions on x = 0 give
rxz ¼ 0; ux ¼ 0; Hxx ¼ 0ðx ¼ 0Þ: ð49Þ
If the state 1 is chosen as the auxiliary regular state, then the nec-
essary condition takes the form as the condition (39).
4.2.6. Case G
By noting that
rxx ¼ 0; uz ¼ 0; wx ¼ 0ðx ¼ 0Þ: ð50Þ
Once one state is chosen from the state 2, the necessary condition is
the condition (40).
5. The appropriate edge conditions for in-plane extension
5.1. The auxiliary regular states
Analogous to the deformation of transverse bending, two rigid
body translations in the x-direction can be chosen as the states 1
and 2
uð2Þx ¼ C; uð2Þz ¼ 0; wð2Þx ¼ 0; rð2Þab ¼ Hð2Þxb ¼ 0; ð51Þ
uð2Þx ¼ 0; uð2Þz ¼ 0; wð2Þx ¼ C; rð2Þab ¼ Hð2Þxb ¼ 0: ð52Þ
The state 3 may be taken as the following form,







C; Hð2Þxx ¼ RC; rzz ¼ rxz ¼ Hxz ¼ 0:
ð53Þ
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take the potential functions wi to be of the form
wi ¼ Eiðs2I z2  x2Þ; ð54Þ
where Ei are unknown constants to be determined later. The dis-
placements and stresses obtained from Eqs. (3), (4) and (54) are ex-
pressed as
uð2Þx ¼ 2dIiEix; uð2Þz ¼ 2mis2I Eiz; wð2Þz ¼ 2liEix;
rð2Þxx ¼ 2ais2I Ei; rð2Þzz ¼ 2aiEi; rð2Þxz ¼ rð2Þzx ¼ Hð2Þzx ¼ 0;
Hð2Þxx ¼ 2bis2I Ei:
ð55Þ5.2. The appropriate edge conditions with mixed edge-data
For the following edge-data, the strips of in-plane extension
meet the same load-free conditions (9) and the requirements on
the end x = 0 as those of transverse bending.
5.2.1. Cases A and C
If the states 1 and 2 are chosen as the auxiliary regular states,
then we obtain the same necessary conditions for Cases A and CZ h
h
rxxdz ¼ 0; ð56ÞZ h
h
Hxxdz ¼ 0: ð57Þ5.2.2. Case B
In this case, the auxiliary regular state may be taken as the state
3. Inserting Eq. (53) into Eq. (22), we obtain the necessary condi-








dz ¼ 0: ð58Þ5.2.3. Case E
Selecting the state 1 as the ﬁrst auxiliary regular condition, we
certainly must have the necessary condition (56).
We take the state 4 as the second auxiliary regular state. On
substituting Eq. (55) into Eqs. (9) and (48), we can determine the







; ni ¼ eijkajaks2K : ð59Þ
With the help of Eqs. (55) and (59), the second necessary condition









dz ¼ 0: ð60Þ5.2.4. Case F
If the state 2 is chosen as the auxiliary regular state, then the
necessary condition takes the form as the condition (57).
The second auxiliary regular state may be taken as the state 4.
Substituting Eq. (55) into Eqs. (9) and (49), we have the relation-







; gi ¼ eijkajbks2K : ð61Þ









dz ¼ 0: ð62Þ5.2.5. Case G
If the state 1 is chosen as the auxiliary regular state, then the
necessary condition takes the form as the condition (56).
5.2.6. Case H
The conditions on x = 0 are
ux ¼ 0; uz ¼ 0; Hxx ¼ 0ðx ¼ 0Þ: ð63Þ
When the state 2 is chosen as the auxiliary regular state, we cer-
tainly must have the corresponding necessary condition (57).
Up to here, attempts to derive similar results on edge conditions
for Cases D, H of transverse bending and Case D of in-plane exten-
sion have not been successful, since we have not found any simple
regular states suitable for these cases. This lack of success may be
related to the fact that no suitable regular states needed for the
application of the reciprocal theorem could be found for these
cases, thus it is not likely that the desired results are forthcoming.
The same is true for isotropic elastic, transversely isotropic elastic
and piezoelectric materials (Gregory and Wan, 1984; Lin and Wan,
1988; Gao et al., 2008a,b), since it is not possible to ﬁt the pure dis-
placement edge-data by a regular state of plane strain with ua? 0
as x ?1.
For each type of edge-data of two deformation forms, these
aforementioned necessary conditions for a decaying state (bound-
ary layer solution) can then be converted into a set of edge condi-
tions appropriate for the interior solution or its various
approximate semi-inﬁnite strip theories, which do not involve
the boundary layer solution components. As the preceding discus-
sion in Introduction, the difference between the exact solution and
the interior one is a decaying state.
To obtain the appropriate edge conditions for a particular semi-
inﬁnite strip theory, we should expand in powers of h all terms in
all necessary conditions and retain only a suitable number of terms
in each expansion. The above results for transverse bending and in-
plane extension illustrate the general method for deriving local
necessary conditions for a decaying state and therewith appropri-
ate edge conditions for semi-inﬁnite strip theories.6. The degenerated form of 2D QC strips
Determination of the independent elastic constants Cij, Ki and Ri
for different kinds of QCs depends on their symmetries with the
group representation theory. Details may be found in Hu et al.
(1996) and Wang et al. (1997). It is noted that, although Cij in
QCs can be measured by some experimental methods, Ki are difﬁ-
cult to measure (Tanaka et al., 1996). Recently, signiﬁcant progress
in this area have been made by Jeong and Steinhardt (1993), who
evaluated Ki of decagonal QCs by Monte Carlo simulation, and
the values of Ki are of the same order of magnitude as Cij obtained
from testing (Chernikov et al., 1998). There are no data for Ri, which
are less than Ki based on estimation by some experts working in
the ﬁeld of QCs.
In the above sections, necessary conditions for 2D QC strips are
studied. However, up to now the relevant data such as Ki and Ri
associated with the present paper are still lacking. Alternatively,
we will discuss a degenerated form of 2D QC strips to investigate
its validity, i.e. 2D QC body reduces to transversely isotropic elastic
body.
6.1. The appropriate edge conditions for transversely isotropic elastic
strips
In this case, no phonon–phason ﬁeld coupling effect is taken
into account, i.e. R = 0. Hence the governing Eqs. (1)–(3) reduce
to two groups of equations for uncoupled phonon and phason ﬁeld
1854 Y. Gao / International Journal of Solids and Structures 46 (2009) 1849–1855problems, respectively. Then, the cubic Eq. (7) of s2 can be reformu-
lated as
½C33C44s4 þ ðC213 þ 2C13C44  C11C33Þs2 þ C11C44ðK4s2  K1Þ ¼ 0:
ð64Þ
Let s21 and s
2
2 be the roots of the ﬁrst multiplier of Eq. (64), i.e.
C33C44s4 þ ðC213 þ 2C13C44  C11C33Þs2 þ C11C44 ¼ 0 ð65Þ
and s23 ¼ K1=K4 be the root of the second multiplier of Eq. (64) with
no loss of generality. Then it can be seen that s21 and s
2
2 relate only to
elastic constants in the phonon ﬁeld, while s23 associates only with
elastic constants in the phason ﬁeld.
In the transversely isotropic elastic body, the constantsmi and li
degenerated from expressions (6) have the following form in the
use of Eq. (65)




¼ C13 þ C44
C33s2i  C44
; li ¼ 0; ð66Þ
where i = 1, 2. On the other hand, m3 = 0 and l3–0, which associates
with s23. Since the analysis in the following calculation does not in-
volve m3 and l3 except the requirement l3–0, it sufﬁces to discuss
only mi and s2i . The following identities can be proved on the basis
of Eqs. (65) and (66)
m1m2 ¼ 1; m1 m2 ¼ C33C13þC44 ðs22  s21Þ;
s21s
2





From Eqs. (66) and (67), we have expressions of Eqs. (44), (47) and







dz ¼ 0; ð68Þ
Z h
h
uzðh2  z2Þ þ 13











dz ¼ 0: ð70Þ
Up to here, Eqs.(39), (40), (68) and (69) together constitute the nec-
essary conditions for transverse bending, while Eqs. (56) and (70)
for in-plane extension, in which ua and rxb must satisfy in order
to give rise only to a decaying state within the strips. Noticeably,
the above result is the same as the corresponding one deduced by
Lin and Wan (1988), although the two approaches are appreciably
different. Therefore, the appropriate edge conditions of 2D QC strips
can be degenerated into those of transversely isotropic elastic strips
by omitting the phonon–phason ﬁelds coupling effect. In compari-
son with the appropriate edge conditions of transversely isotropic
elastic strips, the existence of phason ﬁeld inﬂuences strongly the
deformation and mechanical behavior of QC materials. A theoretical
description of the deformed state of QCs requires a combined con-
sideration of interrelated phonon and phason ﬁelds, so the elasticity
of QCs is more complex than that of the conventional crystals.
6.2. Analytical solution of transversely isotropic elastic strips
Now we verify whether the necessary conditions Eqs.(39), (40),
(56), (68), (69) and (70) are right or not. For stress or mixed data on
the end x = 0, the relevant necessary conditions for the absence of
the interior state in the induced bending or extension deformations
can now be deduced from analytical solution of the decaying state.
In terms of Airy stress function U, the solution of plane problem
takes the form
rxx ¼ @2zU; rzz ¼ @2xU; rxz ¼ @x@zU; ð71Þwhere
r21r22U ¼ 0: ð72Þ
For transverse bending, it is apparent that U has solution of the
form




hði ¼ 1;2Þ; ð73Þ
where Pi are unknown constants to be determined, and the Einstein
summation is applied from 1 to 2 in this subsection. Thus, the stres-
ses and displacements can be shown to be



































It can ﬁnd that the ﬁeld (74) is exponentially small in the interior of
the strips as h? 0. As the deﬁnition of the decaying state indicates,
the ﬁeld (74) is a decaying state in the strips.
We can determine Pi by inserting Eq. (74) into the load-free con-
ditions (9) on the top and bottom faces of the strips which yields




provided that si satisfy
s1 cos s1
sin s1
¼ s2 cos s2
sin s2
: ð76Þ
For the decaying state, we can testify by direct substitution of Eq.
(74) that these necessary conditions are indeed satisﬁed by the cor-
responding decaying ﬁeld (74) because of Eqs. (75) and (76). There-
fore, the stress and mixed edge-data must satisfy the appropriate
edge conditions 39, 40, 68 and 69, if the data give rise only to the
decaying state. After the same manipulation as the case of trans-
verse bending, we can make sure that the necessary conditions
(56) and (70) are also right for in-plane extension.
Of course the theoretical prediction needs to be veriﬁed by
experimental observation. In principle, experimental methods
can be used to determine the displacement and stress ﬁelds of
the materials, but there are few such results to date. So there are
difﬁculties in comparing theoretical solutions with test data apart
from those obtained in the present paper.7. Conclusions
In this paper we extend the model and method for elastic and
QC plates to 2D QC semi-inﬁnite strips in transverse bending and
in-plane extension, which enables us to formulate the correct edge
conditions of QC semi-inﬁnite strips with the mixed edge-data for
the ﬁrst time. However, attempts to derive the corresponding edge
conditions for displacement and other types of edge-data have not
been successful. We have not found any simple auxiliary regular
states suitable for these edge-data, but this does not mean that
our approach is useless in these cases. It means that the required
auxiliary states are themselves the solutions of certain particular
boundary value problems, which, when solved once and for all,
are to be used in the appropriate decaying state conditions.
Due to the complexity of QC elasticity, there is no possibility to
ﬁnd the general and universal forms of the correct edge conditions
suitable for all other QC materials. Fortunately, the edge conditions
for this QC strip can be exactly reduced to some standard edge con-
ditions, thus providing the opportunity to: (1) determine rapidly
decaying states within the strip, (2) formulate the interior solution
of the QC strip problems and (3) extend the description of these
decaying state conditions for the deformations of transverse bend-
Y. Gao / International Journal of Solids and Structures 46 (2009) 1849–1855 1855ing and in-plane extension approximately to other QC materials,
etc.
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